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ABSTRACT
With Monte Carlo simulation method, we investigate the time dependent behavior
of Lyα photon transfer in optically thick medium of the concordance ΛCDM universe.
At high redshift, the Lyα photon escaping from optically thick medium has a time
scale as long as the age of the luminous object, or even comparable to the age of the
universe. In this case, time-independent, or stationary solutions of the Lyα photon
transfer with resonant scattering will overlook important features of the escaped Lyα
photons in physical and frequency spaces. More seriously, the expansion of the universe
leads to that the time-independent solutions of the Lyα photon transfer may not exist.
We show that time-dependent solutions sometimes are essential for understanding the
Lyα emission and absorption at high redshifts. For Lyα photons from sources at
redshift 1 + z = 10 and being surrounded by neutral hydrogen IGM of the ΛCDM
universe, the escape coefficient is found to be always less, or much less than one,
regardless of the age or life time of the sources. Under such environment, we also find
that even when the Lyα photon luminosity of the sources is stable, the mean surface
brightness is gradually increasing in the first 106 years, and then decreasing with a
power law of time, but never approaches a stable, time-independent state. That is,
all 1 + z = 10 sources in a neutral Hubble expanding IGM with Lyα luminosity L
have their maximum of mean surface brightness ∼ 10−21(L/1043erg/s) erg s−1 cm−2
arcsec−2 at the age of about 106 years. The time-dependent effects on the red damping
wing profile are also addressed.
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1 INTRODUCTION
Lyα photons have been widely applied to study the physics
of the universe at redshifts from 2 to 8. The redshifted Lyα
photons carry the information of the photon source, the halo
surrounding the source, and the IGM at early universe. The
optical afterglow of gamma-ray burst (GRB) has been mod-
eled as the red wing of Lyα photon absorption, and used
to estimate the column number density of neutral hydrogen
of IGM at high redshift (Totani et al. 2006; Salvaterra et al.
2009). The transmitted flux of QSO absorption spectrum at
redshift z > 5 consists of complete absorption troughs sep-
arated by spikes (e.g., Becker et al. 2001; Fan et al. 2006).
The spikes have been explained as Lyα photons leaking at
low density areas (e.g. Liu et al. 2007; Feng et al. 2008), and
used to probe the turbulent behavior of IGM at high red-
shifts (Lu et al. 2010; Zhu, Feng & Fang 2010, 2011). The
last but not the least, searching for redshifted Lyα photons
from star forming galaxies at high redshift is believed to be
a basic tool to explore the epoch of reionization (e.g. Hayes
2010; Lehnert et al. 2010). Therefore, it is crucial to have
a complete understanding of the radiative transfer of Lyα
photons caused by their resonant scattering with neutral
hydrogen atoms.
The radiative transfer of Lyα photons in a medium
consisting of neutral hydrogen atoms has been extensively
studied either analytically or numerically. Yet, there are
very few solutions on the time-dependent behavior of Lyα
photon transfer (Field 1958; Rybicki & Dell’Antonio 1994;
Higgins & Meiksin 2009). All other analytical solutions are
time-independent based on the Fokker-Planck equation
(Harrington 1973; Neufeld 1990; Dijkstra et al. 2006). Time-
independent solutions are important but can only be used to
describe the “limiting asymptotic behaviors” of the radia-
tive transfer (Adams 1975; Bonilha et al. 1979). They tell
us nothing about the time scales of the radiative transfer
of Lyα photons. These time-independent solutions can not
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describe the Wouthuysen-Field (W-F) effect (Wouthuysen
1952; Field 1958, 1959), which is essential for the 21 cm
emission and absorption of neutral hydrogen at high red-
shift (e.g. Roy et al. 2009b). It is because the Fokker-Planck
approximation would miss the detailed balance relation of
resonant scattering, which is necessary to keep the W-F local
thermalization (Rybicki 2006).
Numerical method based on the Monte Carlo
(MC) simulation is also popular in solving the
transfer of resonant photons (e.g. Loeb & Rybicki
1999; Zheng & Miralda-Escude 2002; Tasitsiomi 2006;
Verhamme et al. 2006; Laursen & Sommer-Larsen 2007;
Dijkstra & Loeb 2008; Pierleoni et al. 2009; Xu & Wu
2010). However, there are very few works dealing with
time-dependent problems. For instance, the time-scale of
the W-F local thermalization is still absent in these studies.
Time-dependent behavior of the Lyα photon transfer
is especially important to understand observations of Lyα
photons at high redshifts. First, either the life time or the age
of photon sources at high redshift is generally short. Second,
the optical depth of the IGM or the halo cloud around the
sources is generally large. If the time scale of the transfer of
Lyα photons is comparable to the life-time or the age of the
photon source, the “limiting asymptotic state” will never
be approached. One more problem is caused by the cosmic
expansion, of which the time scale is short at high redshifts.
When the time scale of the cosmic expansion is comparable
to that of the resonant photon transfer in optically thick
medium, time-independent solutions probably do not exist.
Recently, a state-of-the-art numerical method based on
the WENO scheme has been introduced to solve the integro-
differential equation of the radiative transfer of resonant
photons (Roy et al. 2009a,b; Roy, Shu, & Fang 2010). It re-
veals many interesting features of the transfer of Lyα pho-
tons in an optically thick medium, which cannot be seen
with the time-independent solutions of the Fokker-Planck
approximation. For instance, it shows that the time scale of
the formation of the W-F local thermal equilibrium actu-
ally is short, only about a few hundred times of the reso-
nant scattering. The double peaked frequency profile of Lyα
photon can not be described by time-independent analyt-
ical solutions unless the optical depth of ν0 photons is as
large as about 106. This result directly indicates the need of
time-dependent solutions.
The WENO algorithm of the integro-differential equa-
tion of the radiative transfer is fine, but like other high order
scheme with fixed grid without artificial-viscosity, the com-
putation time is much more than the Monte Carlo method.
Therefore, the WENO method would be not easy to deal
with cases of medium with very high optical depth. The goal
of this paper is two-fold. The first is to show that the Monte
Carlo simulation method can properly match the results of
WENO method on the time-dependent features of moderate
optical depth. Secondly, we study the time-dependent solu-
tions of Lyα photons escaped from optically thick medium.
We will not work on specific objects, but focus on the general
time dependent features which will affect the observability
of the Lyα sources embedded in, or behind optically thick
medium.
The paper is organized as follows. Section 2 presents
the basic models we will study. The Monte Carlo simulation
method and its tests for time-dependent problems of Lyα
photon transfer in an optically thick medium will be given in
Section 3. The major results of the time-dependent solutions
of Lyα photon emission in the DLA and IGM models are
given in §4 and 5, respectively. Problems of absorption by
optically thick medium are presented in §6. Discussions and
conclusions are given in §7. All the relevant formulae of the
radiative transfer of Lyα photons and the details of MC
simulation are presented in Appendix.
2 PROBLEM
We study the time dependent transfer of Lyα photons in two
typical models of neutral hydrogen HI medium. The first
one is the so-called DLA (damped Lyα system) halo model,
in which a source is surrounded by a static spherical halo of
physical radius rp, consisting of homogeneously distributed
neutral hydrogen with number density nHI and temperature
T . The second one is a source at redshift (1 + z) = 10 lo-
cated in homogeneously Hubble expanding IGM, of which
the density and temperature are given by the parameters
of the concordance ΛCDM universe. We call it IGM model.
The radiative transfer equation of the two models are given
in Appendix A.
In order to compare with the WENO solutions, for
the DLA halo model we use dimensionless time and ra-
dial coordinate, defined, respectively, as η = cnHIσ0t and
r = nHIσ0rp, where t and rp are the physical variables of
time and radial coordinate, and σ0/
√
pi is the cross section
of scattering at the resonant frequency ν0 = 2.46×1015 s−1.
Therefore, η and r are the time and length in the units of
mean free flight-time and mean free path of photon ν0, re-
spectively. The value of r actually is equal to the optical
depth of the spherical halo from r = 0 to r at frequency
ν0. For a signal propagating in the radial direction with the
speed of light, we have r = η + const.
As usual, in frequency space, we use variable x ≡
(ν − ν0)/∆νD, where ∆νD = ν0vT /c = ν0
√
2kBT/mHc2 =
1.06 × 1011(T/104)1/2 Hz is the Doppler broadening at fre-
quency ν0 by thermal motion vT of gas with temperature T .
The variable x is then the deviation of frequency ν from ν0
in units of the Doppler broadening.
With the dimensionless variables, the specific number
intensity of photons is I(η, r, x, µ), where µ = cos θ being
the direction relative to the radial vector r. Thus, all the
solutions of I(η, r, x, µ) do not refer to a specific density nHI
and size rp (see Appendix §A). This helps to see the common
features of the DLA halo model.
The optical depth of a halo or cloud with column density
NHI at frequency x is
τ (x) = NHIσ(x) = τ0φ(x, a) (1)
where σ(x) is the scattering cross section, τ0 = NHIσ0, and
φ(x, a) is the normalized Voigt profile given by1
1 Due to different normalization scheme of the Voigt function
of Eq.(2), our definition of σ0 is different from the one used in
some literatures by a factor pi1/2. Consequently, the expressions
for mean flight time, mean free path and optical depth may be
different by a factor of pi1/2.
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φ(x, a) =
a
pi3/2
∫ ∞
−∞
e−y
2
(x− y)2 + a2 dy, (2)
where the parameter a is the ratio of the natural to
the Doppler broadening. For the Lyα line, a = 4.7 ×
10−4(T/104)−1/2. The profile Eq.(2) describes the joint ef-
fect of the Gaussian distribution of the velocity of neutral
hydrogen atom and the Lorentz profile of cross section in
the rest frame of the atom. For an expanding (or collaps-
ing) halo or turbulent gas cloud, the bulk velocity of the gas
might be larger than the thermal velocity vT . Even in this
case, the Doppler or thermal broadening is still important,
as it is the key factor leading to a local thermal equilibrium
of Lyα photons (the W-F effect).
In an optically thick spherical cloud, most time-
dependent behaviors can be described by two time-
dependent distribution functions: 1.) angularly aver-
aged, r2-rescaled, specific number intensity j(η, r, x) =
(r2/2)
∫ +1
−1
I(η, r, x, µ)dµ, and 2.) r2-rescaled number flux
f(η, r, x) = (r2/2)
∫ +1
−1
µI(η, r, x, µ)dµ, which describes the
photons escaped from a spherical halo of radius r. The equa-
tions of j and f are given in Appendix Eqs.(A1) and (A2).
For the IGM model, we use the physical variable t and
rp because of the specific cosmological model we adopted.
The temperature of IGM is taken as T = 100 K and the
parameter γ = 1/τGP [see Eq.(A3)], which describes the
Hubble expanding, is equal to 1.4×10−6 in the concordance
ΛCDM universe.
3 METHOD AND TEST
3.1 Time dependent Monte Carlo simulations
We use Monte Carlo (MC) method to simulate j(η, r, x) and
f(η, r, x) of the previous section. Most Monte Carlo codes of
simulating time-independent solutions of radiative equation
can easily be modified to deal with time-dependent prob-
lems. If the feedback of photon transfer on the parameters
of neutral hydrogen is negligible, the radiative transfer equa-
tions are linear with respect to I , and thus to j and f .
Thus, linear superposition of the solutions of the sources
is valid. The time-dependent solutions can simply be given
by a weighted summation over the results of a single flash.
The weight of the summation is proportional to the time-
dependent flux of the light source.
We will employ the same MC algorithm as used in
Xu & Wu (2010), of which some of the details are given in
Appendix B and C. The major modification from the ear-
lier methods, such as Zheng & Miralda-Escude (2002), is to
record the time at each collision of the photon, and to take
snapshots of photon distribution in spatial and frequency
space based on these time stamps. Thus, the time-dependent
solutions j and f of an arbitrary source can be given by a
synthesis of the fluxes at different epochs from a single flash
source.
3.2 Test with x-profile of flux
As a test of the MC method, we calculate the flux f(η, r, x)
at the outer boundary rD = 10
2 of a DLA halo. This result
is shown in Fig. 1, in which the curves are the MC results
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Figure 1. The Lyα photon flux f(η, r, x) from a DLA halo with
radius rD = 10
2 and parameter a = 10−3. The curves are from
MC simulations at time η = 500, 2000 and 3000, respectively
from bottom up. The last two curves (2000 and 3000) are already
overlapped with each other. The symbol points marked by “+”
and “x” are from the WENO numerical solution of the radiative
transfer equation (Roy, Shu, & Fang 2010) at epochs η = 500,
2000, respectively.
with parameter η = 500, 2000 and 3000. They show typical
double-peaked profile. The curves of η = 2000 and 3000 ac-
tually are the same. The overlapping indicates that f(η, r, x)
is already at the limiting asymptotic state, or saturated for
time η > 2000. In Fig. 1, the data points are given by
the WENO numerical solutions of Roy, Shu, & Fang (2010).
Therefore, the MC method can match the time-dependent
WENO solutions.
In the WENO method, the solutions of the angularly
averaged specific intensity j(η, r, x) and flux f(η, r, x) at
boundary rD should satisfy the condition j(η, rD, x) =
2f(η, rD, x) (Unno 1955). This is the result of Eddington
approximation and the assumption of no incoming photons
at the boundary. Our MC simulation results of j(η, rD, x) at
time η = 500 are shown at various radius in Fig. 2. At the
surface where r = 100, we see j ≈ 2f at the center frequen-
cies when compared with Fig.1. It shows that the MC sim-
ulation can pass the test of Unno’s boundary condition. We
also find that j = 2f relation is only valid at the boundary
at center frequencies. Slightly beneath the surface, at radius
r = 99, 98, we find that j ≈ 4f , and 5f , respectively. The
enhanced photon intensity is a result of backward scattered
photons near the boundary.
Besides the curve of r = rD = 100, Fig. 2 also plots
j(η, r, x) at time η = 500, but for r = 80, 90, 95, 98,
99. We see that all the curves of r < 100 are almost flat
in the range of |x| < 2. It means that the frequency dis-
tribution of photons is thermalized near the resonant fre-
quency ν0. That is, the frequency distribution is of Boltz-
mann ∝ exp(−h∆νD
kT
x), where T is the kinetic temperature
of neutral hydrogen gas in the halo. This is the W-F local
thermalization (Wouthuysen 1952; Field 1958, 1959). Fig.
2 tells us that the W-F local thermalization is achieved by
resonant scattering even at r = 99. Yet photons at the out-
ermost layer r = rD have not yet been thermalized, as the
optical thin layer does not carry enough number of scatter-
ing. This result is similar to the WENO solution (Roy et al.
2009b; Roy, Shu, & Fang 2010).
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Figure 2. The MC simulation results of the angularly averaged
specific intensity j(η, r, x) at time η = 500 for DLA halo model of
parameter a = 0.001 with size rD = 10
2. The curves correspond
to r = 100, 99, 98, 95, 90, 80, respectively from bottom up. The
flux f at time η = 500 at the boundary r = 100 from Fig.1 is
marked with ”+” symbols for comparison.
3.3 Test with |x±|-τ0 relation
The second test is on the |x±|-τ0 relation, where x± are fre-
quencies of the two peaks of the double-peaked profile as
shown in Fig. 1, and τ0 is the optical depth parameter de-
fined in Eq.(1). This relation has been studied by many time-
independent solutions based on the Fokker-Planck equa-
tion. The major conclusion is the so-called (aτ0)
1/3-law, i.e.
x± = ±A(aτ0)1/3, where A is a constant of order 1 (Adams
1972, 1975; Harrington 1973; Neufeld 1990; Dijkstra et al.
2006). It is well known that the (aτ )1/3-law is available only
when the optical depth τ0 is very large. However, the x±-
τ0 relation available for various τ0 has not been calculated
until very recently. It may be due to the absence of proper
numerical solver of the integro-differential equation of reso-
nant photon transfer in optical thick medium. The WENO
solver provided the first x±-τ0 relation of DLA halo with
moderate and high optical depth.
The x±-τ0 relation given by the MC simulation is pre-
sented in Fig. 3, which shows that the (aτ )1/3-law is sig-
nificantly deviating from the MC results when aτ0 6 10
2,
where the optical depth is smaller than τ0 = 2 × 104 at
a = 5 × 10−3. This result is the same as the WENO solu-
tion. In Fig. 3 the parameter range of [aτ0] is larger than
that of WENO solution [Fig. 4 of Roy, Shu, & Fang (2010)].
In the range 10−2 < aτ0 < 10
2, the |x±|-τ0 relation is al-
most flat with |x±| ≃ 2. It is because the double-peaked pro-
file is from photons stored in the frequency range of |x| < 2
and in the local thermal equilibrium state. The positions
of the two peaks, x±, actually is about the same as the
frequency range of the local thermalization. The frequency
width |x| 6 2 of the local thermal equilibrium state is deter-
mined by the Doppler broadening, and very weakly depen-
dent on τ0. Thus, once the photons in local thermal equi-
librium state are dominant, we always have x± ≃ ±2. This
point can also be seen with Figs. 1 and 2, in which the po-
sitions of the two peaks are kept to be |x±| ∼ 2 despite that
the intensity of the flux increases with time significantly.
When aτ0 < 10
−2, the curves of |x±| are no longer
 0.1
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Figure 3. The two-peak positions x± vs. (aτ0) given by MC
simulation (data points) of a DLA halo with optical depth τ0.
The parameter a is taken to be 5× 10−4(bold line) and 5× 10−3
(light line). The dashed straight line of log x±-log aτ0 with slope
1/3 is to show the (aτ0)1/3-law.
determined by one variable aτ0, instead by variables a and
τ0, separately. The value of |x±| shows a quick drop to zero
at aτ0 ∼ 10−2 for a = 5× 10−3, and aτ0 ∼ 10−3 for a = 5×
10−4. The W-F thermal equilibrium cannot be established
in halos with small optical depth τ0 << 10
2, and therefore,
photons from these halos do not have double-peaked profile.
Since thermalization will erase all frequency features
within the range |x| 6 2, the double-peaked structure
doesn’t retain information of the photon frequency distribu-
tion within |x| < 2 at the source. It is impossible to probe
the frequency profile for |x| < 2 Lyα photons of the source
from the escaped Lyα photons. This property can also be
used as a test of simulation code. That is, the simulation
results should be independent of the profile of Lyα emission
from the sources, only if the profile is non-zero within the
range |x| < 2, i.e. it should not matter whether the source
is monochromatic, or has a finite width around ν0.
4 LYα PHOTON EMISSION: DLA MODEL
4.1 Time dependent Lyα escape
It is well known that the spatial transfer of Lyα photon in
optically thick halo is not simply a Brownian random walk.
The time scale of Lyα photon escape from optically thick
halo is much shorter than that of Brownian diffusion. It is
because the spatial transfer depends on the diffusion in fre-
quency space. This is the so-called “single longest excursion”
process (Adams 1972). However, earlier estimates of the es-
caping time scale based on “single longest excursion” can
not describe the details of the time-dependent behavior of
photons escaping from optically thick medium.
If the central source of a DLA halo is assumed to be a
photon flash, the time dependence of the luminosity of the
photon source is proportional to δ(η). Without scattering,
the luminosity at the boundary of the halo with size r should
still be a delta function as ∝ δ(η − r), i.e. it is also a flash,
but with a retarded time r, which is the time needed for a
freely streaming photon from the center to the edge of the
halo with speed of light. Considering the effect of resonant
c© 0000 RAS, MNRAS 000, 000–000
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Figure 4. The light curve of a flash of Lyα photons in a DLA
halo model of a = 0.0005 with optical depth τ0 = rD = 2 × 10
7.
One photon is supposed to be emitted from a central source at
time η = 0, i.e. the integral of the light curve is equal to 1.
scattering, the luminosity of escaped photons will no longer
be a flash. The light curve of the luminosity from such a
source for a halo with size r = 2 × 107 and a = 5 × 10−4
is shown in Fig. 4, in which F (η) =
∫
f(η, x)dx is the flux
integrated over all frequencies of escaped photons.
Fig. 4 shows that the light curve lasts from time η ∼ 108
to 5×108. The peak of light curve Fmax is at ηmax ∼ 2×108,
and the time duration ∆η of F (η) > Fmax/2, is also about
2 × 108. Since the source of photons does not contain any
time scale, both the numbers ηmax and ∆η are from the size
or optical depth of the halo. The time scale ηmax means that
the retarded time of the escaping of photons from the halo
is as large as ∼ 10r or 10τ0. The amount ∆η means that the
time-distribution of the escaped photons are significantly
spread out from a Delta function δ(η) to ∆η ∼ 10r.
Without resonant scattering, photons emitted from the
source will escape from the halo at time η = r = τ0. With
resonant scattering, the majority of photons emitted from
the source will not escape from the halo until time η =
ηmax ∼ 108. Therefore, a huge number of resonant photons
is stored in the halo. The resonant nature of Lyα photon
scattering let the photons to stay in the halo with a time
scale equal to 10 times of the optical depth τ0 of the halo.
In our model the destruction processes of Lyα photons,
such as the two-photon process, are not considered, and dust
absorption is ignored too. The number of photons is con-
served. Thus, we have
∫
F (η)dη = 1. Therefore, the light
curve, F (η) of Fig. 4 can be understood as the probabil-
ity distribution of the time of Lyα photon escaped from a
r = 2× 107 halo. With dimensionless variables, the curve of
Fig. 4 is also the probability distribution of the total length
of the path of a photon transferring from r = 0 to r = 2×107.
In this context, ηmax and ∆η can be used as the most prob-
able length of the path, and the variance of the distribution,
respectively. Considering that the most probable path length
ηmax and the variance ∆η have the same order, the spatial
transfer of Lyα photon in optically thick halo essentially is
still a random process of diffusion.
The light curve of a flash source (Fig. 4) can easily be
generalized to arbitrary sources. Considering the total flux
 1e-06
 1e-05
 0.0001
 0.001
 0.01
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 6.5  7  7.5  8  8.5  9  9.5  10  10.5
f e
sc
log η
Figure 5. Time dependent solutions of escaping coefficient
fesc(η) for photon sources located in the center of a DLA halo
of T = 104 K with optical depth τ0 = 2 × 107. The life dura-
tion of the source ηlife is taken to be ηlife = 10
6, 107, 108, 109
and 1010, respectively, from bottom up using color code orange,
violet, cyan, green, and black.
is linearly dependent on sources, the total flux L(η) is given
by
L(η) =
∫ η
0
F (η − η′)s(η′)dη′ (3)
where F (η) is the curve of Fig. 4, and s(η) is the time-
dependent Lyα photon flux of the sources.
4.2 Escape coefficient
For a source with stable luminosity of Lyα photons, escape
coefficient of Lyα photons emergent from a halo with size r
can be calculated by fesc(η, r) ≡ F (η)/F0 =
∫
f(η, r, x)dx if
the luminosity of sources is normalized. Since the number of
Lyα photons is conserved, the total number of escaped pho-
tons should be equal to the total number of emitted photons
by the source when a stable state is reached. Thus, the es-
cape coefficient of a stable source should reach to 1 when
η is large enough. However, before the system approaches
to stable state, the escape coefficient fesc(η, r) can be much
less than one.
We have calculated the time dependent solution of the
escape coefficient fesc(η) for a stable photon source with
unlimited life time located at the center of the halo with
optical depth τ0 = 2 × 107. At time ηmax = 2 × 108, the
escape coefficient fesc(η) ∼ 0.37. If we define the time scale
ηsat of reaching saturated or stable state as fesc(ηsat) = 0.95,
it yields ηsat = 6.1×108, or ∼ 30τ0. Therefore, fesc is always
significantly less than 1, when the age is less than about 30τ0
or 30 r.
Fig. 5 presents the time dependent solutions of escape
coefficient fesc(η) for photon sources in a T = 10
4 K neutral
medium with limited life time to be ηlife = 10
6, 107, 108, 109
and 1010, respectively, from bottom up. It shows that the
escape coefficient is always less than 1 if ηlife < 10
7. In
this case, the time scale of the escaping of Lyα photons
in τ0 = 2 × 107 halo is much larger than the life time of
the source, and therefore, photons emitted within the time
duration η = 0 to η = ηlife are fully spread over a time scale
c© 0000 RAS, MNRAS 000, 000–000
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Figure 6. Time dependent surface brightness of a central source
surrounded by a DLA halo of T = 104K with optical depth τ0 =
2× 107. The source emits Lyα photons with stable flux L = 1042
erg s−1 in the time range from t = 0 to t = 106 years. The size
of DLA halo is taken to be rDLA = 1kpc, 10 kpc, 100 kpc and
1 Mpc, respectively from top down using color codes black, red,
orange and green.
∆η ≫ ηlife. Thus, the escape coefficient of a source with
short life time is always much less than 1 when the DLA
halo is optically thick. This mechanism would be important
for understanding the observable features of high redshift
objects such as GRBs or first stars. Even when dust absorp-
tion is negligible, the escape coefficient can be small, even
very small, when the age of the object is small.
It is interesting to see that although different curves of
Fig. 5 correspond to very different ηlife, all the curves with
ηlife < 10
7 approach their maximum at about the same time
η ∼ 2×108. This time scale actually is the ηmax shown in Fig.
4. The stored photons yield a delayed emission with time
scale of about ηmax ∼ 2×108. The delay time is independent
of the life-time ηlife of the source, but dependent only on the
optical depth of the halo.
4.3 Surface brightness and the size of DLA halo
For a stable source, the time-independent surface bright-
ness (SB) of a stable source located in DLA halo is simply
proportional to r−2DLA, where rDLA is the radius of the halo.
When the life time of the source is short, the time-dependent
behavior of the surface brightness, SB(t), is not simply pro-
portional to r−2DLA. To demonstrate this point, we calculate
the surface brightness of a source with life time 106 years and
Lyα luminosity L = 1042 erg s−1 in a medium of a = 0.0005.
The results are presented in Fig. 6, in which the size of the
halos is taken to be rDLA = 1kpc, 10 kpc, 100 kpc, and
1 Mpc. In Fig. 6, the optical depth of the DLA halo sur-
rounding the source is assumed to be τ0 = 2 × 107, which
correspondes to a typical DLA halo with column density
NHI = 2× 1020 cm−2 (Eq.(1)).
From Fig. 6, we first see that the curves do not show the
behavior of being proportional to r−2DLA. The maximum sur-
face brightness of halo with rDLA = 1 kpc is about 10
−17 erg
s−1 cm−2 arcsec−2, while the maximum surface brightness
of rDLA = 1 Mpc is only ∼ 10−25 erg s−1 cm−2 arcsec−2.
That is, when r−2DLA decreases by a factor 10
6, the maximum
surface brightness descreases by a factor 108.
Secondly, the shapes of the curves of Fig. 6 for different
rDLA are very different. The curve of rDLA =1 kpc shows
saturation at t > 3 × 104 years, while all others don’t have
a saturated phase.
These time-dependent behaviors are also due to the
time scale of Lyα photon transfer. For a halo with given
column density NHI, or τ0, the time scale of the Lyα pho-
ton transfer is about ηmax ∼ 10τ0, which is independent
of the size rDLA of the halo. However, ηmax ∼ 10τ0 corre-
sponds to a physics time tmax = ηmaxrDLA/c, which is rDLA-
dependent. For DLA halo with rDLA =1 kpc, the time scale
tmax = ηmaxrDLA/c ∼ 3 × 104 years. It is much less than
106 years, and therefore, the surface brightness is saturated
when t > 3× 104 year. For DLA halo with rDLA =100 kpc,
the time scale tmax = ηmaxrDLA/c ∼ 3×106 years. It is larger
than the life-time of the source, and therefore, the surface
brightness can not approach a saturated state. For DLA halo
with rDLA > 100 kpc, the time scale tmax = ηmaxrDLA/c
would be much larger than 106 years. The source is more
like a single flash and its radiative transfer is highly time
dependent (Fig. 4).
Thus, we may conclude that for DLA halos with a given
column density, the surface brightness will be proportional
to r−κDLA and κ > 2. This result would be useful to estimate
the size of the DLA halo with observed surface brightness
and the model of the sources.
5 LYα PHOTON EMISSION: IGM MODEL
5.1 Lyα escape
The mechanism of the escaping of Lyα photons from ex-
panding opaque IGM at high redshift is different from that of
DLA halos. For the former, besides the diffusion in frequency
space caused by the the resonant scattering, we should also
consider the frequency redshift caused by cosmic expansion.
Photons will escape from Gunn-Peterson trough, once their
frequency is redshifted enough.
Similar to the previous section, we calculate the es-
cape coefficient using the number of escaped photons. Fig.
7 presents the time-dependent solutions of the escape coeffi-
cient fesc(t) for sources at redshift 1+z = 10 surrounded by
the IGM of Hubble expanding universe. The number density
of neutral hydrogen is given by the cosmology parameters
of the ΛCDM model. The IGM is assumed to be not reion-
ized yet. The time duration tlife of photon source has been
explored with values tlife = 10
3, 104, 105, 106, 107, and 108
years. For sources at 1 + z = 10, tlife cannot be larger than
the age of the universe ∼ 108 years. The source is starting
to emit photons at t = 0.
The curves of Fig. 7 look very similar to those of Fig. 5.
Therefore, one can explain Fig.7 in the same way as Fig. 5,
replacing the optical depth of the DLA halo with the Gunn-
Peterson optical depth (Eq.(A5)) of the expanding IGM at
(1 + z) = 10. In Fig. 7, all the short life time curves with
tlife < 10
7 years reach their maximum at about the same
time tmax ∼ 106 years, which is the time scale of Lyα pho-
ton escape from the Gunn-Peterson trough in an expanding
IGM at 1 + z = 10. One can then conclude that the escape
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Figure 7. Time dependent solutions of escaping coefficient fesc(t)
for a source at redshift 1 + z = 10 surrounded by the IGM of
T = 100K of the expanding universe. The time duration of the
emission of the source is taken to be tlife = 10
3, 104, 105, 106,
107, and 108 years, respectively from bottom up using color codes
blue, cyan,green, yellow, orange, and black. t is the delayed time
of an escaped Lyα photon with respect to the first escaped free
streaming photon from the source, measured at the redshift of
the source.
coefficient of sources with life time less than tmax ∼ 106 years
should always be less than 1, even without dust absorption.
The curve of the shortest life time (tlife = 10
3) of Fig. 7
can be thought to represent the light curve of a flash source
in IGM model, like that of Fig. 4 for DLA model. The curve
of tlife = 10
3 of Fig. 7 has a long tail. The long tail basically
is a power law of t, and is a joint result of radiative transfer
and Hubble expansion velocity field. As mentioned in §4.1,
for the light curve of Fig. 4, the maximum ηmax and variance
(or the width of the light curve) ∆η are about the same. Yet,
the power law long tail leads to the maximum tmax of the
curve of tlife = 10
3 of Fig. 7 to be much less than the width
of the curve. Since the suppression of escape coefficient is
mainly given by the width of the light curve. Therefore, the
power law long tail of Fig. 7 implies that the stable state of
fesc = 1 takes a much longer time to approach, or can never
be approached within the age of the universe.
Although Fig. 7 shows that the escape coefficient of
sources with tlife > 10
6 years is larger than those of sources
with tlife 6 10
6, it does not mean that the former is easier to
be observed than the later. This point can more clearly be
revealed with the time-dependent solution of surface bright-
ness.
5.2 Surface brightness
We calculate the mean surface brightness SB(t) ≡ L
pi<r2
esc
>
defined as the flux divided by the averaged area of the
source, where resc is the projected distance to the source
on the sky at which a photon escapes. Thus, pi < r2esc >(t)
is the mean of the area at time t on the plane perpendicular
to the line of sight. The result is presented in Fig. 8, which
plots the SB(t) for sources with Lyα luminosity (erg/sec)
and life time (year) paired as: (1046, 103), (1045, 104), (1044,
105), (1043, 106), (1042, 107), and (1041, 108). That is, all
sources emit the same amount of 2 × 1067 Lyα photons in
their whole life span. The sources start to emit at time t = 0.
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Figure 8. Time dependent surface brightness from a central
source surrounded by IGM of T = 100 K in expanding universe.
The source is assumed to be located at redshift 1 + z = 10, and
emitting a total of 2 × 1067 Lyα photons from time t = 0. The
time duration of the emission of the source is taken to be tlife =
104, 105, 106, 107, and 108 years, respectively from top down using
color codes cyan, green, yellow, orange, and red. The flash source
(tlife = 10
3 years) is drawn with black dashed line.
Fig. 8 has two remarkable features. First, the four curves
of (1046, 103), (1045, 104), (1044, 105), and (1043, 106) are
almost the same. The common curve has a maximum at
t ∼ 106 year and then starts decaying with a power law
SB(t) ∝ t−4. The time scales of the maximum and the
power law tail are about the same as that of the light curve
of Fig. 7 with tlife = 10
3. Therefore, for sources with life
time less than t ∼ 106 years, the surface brightness is only
dependent on the total number N of Lyα photons emitted
from the source, regardless of their life time. This is be-
cause the photons should wait for about t ∼ 106 years before
their escaping from the IGM. The stored photons are locally
thermalized, and therefore, the information of the “age” of
the photons emitted at time < 106 will be forgotten during
the thermolization. This property actually is also valid for
the sources of (1042, 107), and (1041, 108). For these two
cases, the total numbers of Lyα photon emitted in t 6 106
years are smaller, respectively are 2 × 1066, and 2 × 1065
and therefore, their SB(t) at t ∼ 106 is less than that of
N = 1067 by factors 10 and 100, respectively in the figure.
The curves of tlife = 10
4, 105 years become scalable from
∼ 1 Myr. The tlife = 106 yr curve is just starting to move
away from the flash source solutions. The relaxation time
looks to be around 0.3−1Myr when the flash source reaches
its maximum. This is in agreement with the estimate from
Rybicki & Dell’Antonio (1994) where the relaxation time is
( a
γ4
)
1
3 ∗ ts ∼ 0.3 Myr for our chosen redshift (1 + z = 10)
and temperature (T = 100K). Fig. 8 shows various scaling
relations. For example, for the flash source of tlife = 10
3yr,
the asymptotic slope sets in from ∼ 1 Myr as a result of ra-
diative transfer in Hubble expansion velocity field. For the
tlife = 10
8 yr curve in the figure, another straight part sets
in from 1 Myr to 50 Myr even before the asymptotic slope is
reached, as a joint result of photon emission, photon transfer
and Hubble expansion. These time scales are comparable to
the possible life time of the sources, which was previously
pointed out by Higgins & Meiksin (2009).
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The second feature of Fig. 8 is the monotonous decrease
of SB(t) when t is large, regardless of the life time of the
source. It is very different from all the curves of Fig. 5, which
will approach a stable or saturated state if the life time of
the source is long enough. For any sources in expanding
neutral IGM, the mean surface brightness SB(t) does not
approach a saturated or stable state. In other words, a time-
independent solution of the surface brightness doesn’t exist
in the IGM model. This is simply because the increase of
volume of the expanding IGM, which stores Lyα photons,
is faster than the number of Lyα photons redshifted to fre-
quency x < −2. This feature is similar to the evolution
of ionized halos around a UV photon source in expanding
universe. The ionized radius can never approach a stable
state required by a Stro¨mgren sphere, because the increase
of the ionized radius is always lower than the comoving
velocity(Shapiro & Giroux 1987). Therefore, in Fig. 8 there
is no flat section for every curve. The maximum of the sur-
face brightness of a Lyα photon source with luminosity L at
1+ z = 10 scales approximately as ∼ 10−21 × (L/1043erg/s)
erg s−1 cm−2 arcsec. We should emphasize that the max-
imum can be reached only for sources with age equal to
about 106 years. The surface brightness would be less than
the maximum when the source age is younger or older than
106 years. That is, in term of surface brightness, a stable
source will yield a time-dependent curve.
6 LYα PHOTON ABSORPTION
6.1 Time dependent red damping wing: DLA
model
A typical problem of Lyα absorption at high redshift is the
red damping wing, or HI damping wing of high redshift
sources. The optical afterglow of GRBs at high redshifts has
shown this feature(e.g. Totani et al. 2006; Salvaterra et al.
2009). We calculate the time-dependence of the red damp-
ing wing of a DLA halo with radius and optical depth τ0 to
be r = τ0 = 2× 107. The frequency spectrum of the central
photon source is assumed to be flat with flux equal to one.
If the source starts to emit photons at time η = 0, photons
without undergoing scattering or collisions will escape from
the halo at time ηc = 2× 107. The profiles of red damping
wing at times later than ηc are plotted in Fig. 9, in which
we take η = (1 + y)ηc, where y = 0.01, 0.5, 2, 5, 10 and 50.
Fig. 9 shows that the red damping wing at time η 6
1.01ηc can be well described by a Voigt profile f(x) = e
−τ(x),
where τ (x) is given by Eq.(1). Therefore, it would be fully
reasonable to fit the red damping wing of GRB’s optical
afterglow with a Voigt absorption profile, because the red
damping wing is measured only a few hours or a few days
after the GRB explosion, the time η is very close to ηc. Even
when η = 1.5ηc (the blue line in Fig.9), the red damping
wing can still be approximately fitted by a Voigt profile.
However, the fitting at time η = 1.5ηc will yield a smaller
τ0 than that of the fitting at η = 1.01ηc. Therefore, the
column density of HI atoms given by the fitting at η = 1.5ηc
is underestimated.
The red damping wing at η > 5ηc shows a shoulder with
frequency similar to that given by Fig. 3 with parameters
a = 5 × 10−4 and τ0 = 2 × 107. Therefore, the shoulder
 0.01
 0.1
 1
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Figure 9. Time dependent red damping wings formed in a DLA
halo of parameter a = 0.0005 with size r and optical depth τ0 set
to be r = τ0 = 2× 107. The central source starts to emit photons
with a flat spectrum at η = 0. The profiles of the red damping
wing are shown at times η = (1 + y)ηc, where ηc = r = τ0 is the
time of free flight from r = 0 to r, and y is taken to be 0.01, 0.5,
2, 5, 10, and 50, respectively from bottom up using color code
violet, blue, orange, yellow, green, and cyan. The black curve,
which is almost the same as the violet curve, is given by the
Voigt absorption, i.e. f(x) = e−τ(x) and τ(x) is from Eq.(1).
is from the stored resonant photons. Fig. 9 shows that the
curve of red damping wing has become saturated at time
η > 50ηc. This is larger than the time scale ∼ 10ηc shown
in Fig. 4. It is because the photons with frequency |x| > 2
of the continuous spectrum can also be stored. According to
the redistribution function (A6), the probability of transfer-
ring a |x| > 2 photon to |x| < 2 is larger than that from
|x| < 2 to |x| > 2, and therefore, in frequency space the
net effect of the resonant scattering is to bring photons of
the continuous spectrum background to become Lyα. More
photons be stored leads to the larger time scale of the satu-
ration.
6.2 Time dependence of red damping wing: IGM
model
The problem of the red damping wing for the IGM model is
very different from that of the DLA model. If the frequency
spectrum of source is flat, cosmic redshift will continuously
provide Lyα photons from blue side of the spectrum. Since
the time scale of the W-F thermalization is much shorter
than the time scale of the cosmic expansion, the photons
moved into the frequency range ∼ ν0 from > ν0 is quickly
thermalized. Thus, a huge number of thermalized photons
is stored in the frequency range |x| < 2 (Roy et al. 2009b;
Roy, Shu, & Fang 2010). This process marks the difference
between the IGM and the DLA models, and also the dif-
ference between our IGM model and IGM models of some
others (Loeb & Rybicki 1999), in which the source emits
only ν0 photons.
Fig. 10 shows the red damping wings of a source in
T=100 K IGM at 1 + z = 10 with age t = 0, 105, 106,
5× 106, and 107 years. When the time is less than 105 year,
the Lyα photons have not been significantly stored yet, and
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Figure 10. The time dependence of the red damping wing given
by simulations in an expanding IGM model. The central source
at 1 + z = 10 starts to emit photons with flat spectrum at t = 0
into IGM of T=100K. The curves correspond to t = 105, 106,
5 × 106, and 107 years, respectively from bottom up using color
codes blue, orange, cyan, and black. The red line is given by pure
absorption f(x) = e−τ(x) where τ(x) is from Eq.(C1).
the profile of red damping wing is about the same as a pure
absorption, which has been addressed by Miralda-Escude
(1998). Once the time is larger than 106 year, the stored
photons yield a shoulder at peak frequency −x ∼ 500. Fig.
10 also shows that the profile of the red damping wing seems
not yet to approach a saturated or time-independent state
at t = 107 years.
7 DISCUSSIONS AND CONCLUSIONS
The time-dependent behaviors in physics and frequency
spaces of the Lyα photons emergent from optically thick
medium have been extensively studied with Monte Carlo
method. The first conclusion is that time-dependent solu-
tions are essential not only for strong time dependent sources
like GRBs, but also for stable sources, especially when the
cosmic expansion needs to be considered. Cosmic expansion
makes the radiation transfer equation not invariant with re-
spect to the transformation of time shift. Consequently, the
radiative transfer equation doesn’t have time-independent
solutions in principle. Time-dependent behavior are essen-
tial.
With the model of IGM in the Hubble expanding uni-
verse, we show that the time-dependence of the brightness
of a stable source at high redshift is like that of the light
curve of an ”explosion”, i.e. in the first phase, the surface
brightness is increasing and approaching a maximum, and
then, in the second phase, it decays monotonously. Although
our calculation is only based on a model source at redshift
(1+ z) = 10, we believe that the feature of the nonexistence
of a time-independent solution, or the nonexistence of a sat-
urated state of the surface brightness by IGM scattering,
would be hold for various high redshift sources.
The IGM model may be too simple and ideal. Many
effects have not been considered, such as the effects given
by the inhomogeneity of the HI density distribution, the
nonuniform ionization, the bulk velocity, the wind and the
turbulence of the IGM field, and the observational aper-
ture, etc. However, one point seems to be clear that under
these circumstances, stable solutions will not exist. All these
effects should be studied with time-dependent solutions of
the Lyα photon transfer. Since some high redshift Lyα emit-
ters have already been observed, static solutions may not be
enough to understand these observations.
For the DLA model, the saturated state or the time-
dependent state, does exist. Therefore, it is reasonable to
find this state directly by time-independent solution. How-
ever, time-independent solutions can not tell us the suppres-
sion of the escape coefficient in the time range of η < 10τ0,
τ0 being the optical depth of the halo. When τ0 is large, the
escape coefficient will be substantially suppressed for time
range comparable to the age of the universe. This is equal
to say that the escape coefficient is much less than one in
all time.
Low escape coefficient is often explained by dust absorp-
tion. Dust extinction is effective only when the medium is
optically thick. Therefore, once we use the model of dust ab-
sorption at high redshift, the time-dependent behavior must
be considered. A WENO time-dependent solution of the Lyα
photon transfer in dusty medium will be reported soon.
We didn’t consider the Lyα photons from the recombi-
nation in the ionized halo around the center source. Simply
changing the luminosity of the central light source by adding
the photons from stable recombination in the halo is a poor
approximation, as the time scale of the recombination is
not small. Therefore, with the DLA model, time-dependent
solutions are also essential for understanding Lyα-related
phenomenon.
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APPENDIX A: RADIATIVE TRANSFER OF
LYα PHOTONS
With dimensionless variables, the specific intensity I of pho-
ton number is a function of η, r, x and µ. When the optical
depth is large, we can take the Eddington approximation.
Radiative transfer equations are (Roy et al. 2009c)
∂j
∂η
+
∂f
∂r
= −φ(x;a)j +
∫
R(x, x′; a)jdx′ + γ ∂j
∂x
+ r2S,
(A1)
∂f
∂η
+
1
3
∂j
∂r
− 2
3
j
r
− γ ∂f
∂x
= −φ(x;a)f. (A2)
where j, f are the rescaled quantities of physical inten-
sity, j(η, r, x) = r2jp = r
2 1
2
∫ +1
−1
I(η, r, x, µ)dµ is the an-
gularly averaged specific intensity and f(η, r, x) = r2fp =
r2 1
2
∫ +1
−1
µI(η, r, x, µ)dµ is flux. The mean intensity j(η, r, x)
describes the x−photons trapped in the halo by the resonant
scattering, while the flux f(η, r, x) describes the photons in
transit. The parameter γ = 1/τGP can be calculated as
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τGP = 4.9×105h−1fHI
(
0.25
ΩM
) 1
2
(
Ωbh
2
0.022
)(
1 + z
10
) 3
2
.(A3)
The term S describes a constant physical photon source.
Since Eqs.(A1) and (A2) are linear with respect to j and
f , the solutions of j and f for sources S(η, x) can be
given by a superposition of solutions j(η, r, x; η0, x0) and
f(η, r, x; η0, x0), which are the solutions of the source S =
δ(η − η0)δ(x− x0).
The resonant scattering is described by the redistribu-
tion function R(x, x′; a) which is the probability of a pho-
ton absorbed at the frequency x′, and re-emitted at the fre-
quency x. It depends on the details of the scattering (Henyey
1941; Hummer 1962, 1969). If we consider coherent scatter-
ing without recoil, the redistribution function with the Voigt
profile is
R(x, x′; a) = 1
pi3/2
∫ ∞
|x−x′|/2
e−u
2
(A4)
[
tan−1
(xmin + u
a
)
− tan−1
(xmax − u
a
)]
du
where xmin = min(x, x
′) and xmax = max(x, x
′). This re-
distribution function is normalized as
∫∞
−∞
R(x, x′)dx′ =
φ(x, 0) = pi−1/2e−x
2
.
Thus, the frequency of photons will be changed during
the evolution governed by Eqs.(A1) and (A2), while the to-
tal number of photons is conserved. That is, the destruction
processes of Lyα photons, such as the two-photon process
(Spitzer & Greenstein 1951; Osterbrock 1962) and dust ab-
sorption, are ignored in equations (A1),(A2).
APPENDIX B: MONTE CARLO SOLVER
Monte Carlo simulation starts with releasing a photon at the
source placed along a random but isotropic direction. The
frequency distribution of the new photon follows that of the
source, either a Gaussian distribution with a Doppler core,
or a continuum. Once the photon enters the gas medium, the
length of free path is determined by calculating the optical
depth variable τ traveled during the free flight, following the
distribution function e−τ . It is then straight forward to con-
vert from τ to distance. The location of the next scattering
is thus determined. If the place is outside the HI cloud in
a halo model, or if the traveled optical depth is larger than
Gunn-Peterson optical depth in an expanding IGM model,
the photon is labeled escaped.
At the site of scattering, the velocity of the HI atom
is generated by two steps. First, the velocity components
vx and vy (normalized to Doppler velocity VD, and z is the
propagation direction of the photon) are generated follow-
ing a Maxwellian distribution e−v
2
x . Second, the velocity vz
is generated following the distribution: f(vz) ∝ ev
2
z
(x−vz)2+a2
which is the joint requirement of Gaussian distribution and
Lorentz profile for the rest frame cross section of resonant
scattering. The direction of the resonantly scattered pho-
tons is assumed to be isotropic, but can be easily adapted
to other types of angular dependence. Once the direction
is generated, frequency of the outgoing photon can be cal-
culated. Using the notation of x, x′ to represent the labo-
ratory frequency of the incoming and outgoing photon, we
have x′ = x−vcosη+vcosηcosθ+vsinθsinηcosφ−b(1−cosθ)
where b = hν0
meVDc
is the recoil parameter, η is the angle be-
tween the incoming and outgoing photons, θ and φ are the
two spherical coordinates of the outgoing photon where the
coordinates are chosen such that the incoming photon is in
z direction. (We follow Field 1959’s scattering geometry and
notations.) With this new set of frequency and direction of
the photon, we repeat the above procedures of calculating
the next scattering and the determination on escape. Each
photon is followed all the way along its path until it escapes.
Since the effectiveness of generating vz determines cru-
cially the speed of calculation, special algorithms have been
proposed (Zheng & Miralda-Escude (2002), ZM02 here-
after). We basically follow ZM02’s algorithm for medium
to large x (0.6 6 x 6 17). For smaller x (x < 0.6), methods
of plain rejection (not employing ZM02’s algorithm) is used.
For very large x (x > 17), our treatment for u > u0 is simi-
lar to ZM02, but for u 6 u0, we switch the roles of the two
functions, using the distribution function e−v
2
z as the trans-
formation method to generate vz , and then use
1
(x−vz)2+a2
as the comparison function to reject.
Twenty million of photons are experimented by Monte
Carlo simulation for each model. Simulations are performed
only for sources with single flash of photons. In these simula-
tions, a time stamp can be recorded for each photon at each
step of collision, and at its escape. For sources of arbitrary
time dependence, a new random variable is used represent-
ing the birth time of the photon. The time stamps can be
generated by adding a photon’s birth time to the recorded
time stamps from a single flash simulation. Furthermore,
with, say, 104 trials of randomly generated birth time for
each original photon in a single-flash simulation, we form
a subgroup of 104 photons, which have the same history of
collisions but happen at different epochs. By this way we
greatly improve the very low usage rate when the data of
each recorded photon is coupled with only one birth time.
Statistics over this enlarged group of photons give better
continuity and smaller Poisson errors on the surveyed quan-
tities, but do not add new physics.
APPENDIX C: GUNN-PETERSON OPTICAL
DEPTH
The free path of a Lyα photon in a Hubble streaming IGM
can be derived by using GP optical depth for frequency x
measured at source redshift z, which is
τ (x, z) = τGP (z)
∫ x
−∞
φ(x)dx (C1)
where the Gunn-Peterson optical depth parameter is given
by equation (A3).
In MC simulations, the Hubble streaming always makes
frequency x lower and GP optical depth smaller. Suppose the
photon frequency is xA immediately after the last scattering
and xB before the next scattering, the change of GP optical
depth δτ during the free flight is always negative and equals
to -1 on average. The particular value of each δτ is deter-
mined by generating a random number δτ 6 0 following the
distribution function eδτ . With this δτ we can derive the
new frequency xB by solving the equation
δτ = τGP (z)
∫ xB
xA
φ(x)dx (C2)
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By compiling a large data table of τ (x, z) and using linear
interpolation, xB can be solved fast.
The free length l before the next scattering can be
found by considering that the frequency change is caused
by Doppler effect of Hubble motion,
xB − xA = −H(z)l
c
ν0
∆νD
(C3)
where Hubble constant at redshift z is
H(z) = H0
√
ΩM (1 + z)3 + ΩR(1 + z)2 + ΩΛ (C4)
≈ H0
√
ΩM (1 + z)
3
2
in which all ΩM ,ΩR,ΩΛ refer to values at present.
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